We investigate tunneling properties of collective excitations in the ferromagnetic phase of a spin-1 spinor Bose-Einstein condensate (BEC). In addition to the Bogoliubov mode, this superfluid phase has two spin excitations, namely, the gapless transverse spin wave and the quadrupolar mode with a finite excitation gap. In the mean-field theory at T = 0, we examine how these collective modes tunnel through a barrier potential that couples to the local density of particles. In the presence of supercurrent with a finite momentum q, while the Bogoliubov mode shows the so-called anomalous tunneling behavior (which is characterized by perfect transmission) in the low energy limit, the transverse spin-wave transmits perfectly only when the momentum k of this mode coincides with ±q. At k = ±q, the wave function of this spin wave has the same form as the condensate wave function in the current carrying state, so that the mechanism of this perfect transmission is found to be the same as tunneling of supercurrent. Using this fact, the perfect transmission of the spin wave is proved for a generic barrier potential. We show that such perfect transmission does not occur in the quadrupolar mode. Further, we consider the effects of potentials breaking U (1) and spin rotation symmetries on the transmission properties of excitations. Our results would be useful for understanding excitation properties of spinor BECs, as well as the anomalous tunneling phenomenon in Bose superfluids.
I. INTRODUCTION
Recently, an anomalous tunneling phenomenon has been extensively discussed in the field of Bose gas superfluids [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . In this phenomenon, the Bogoliubov mode tunnels through a barrier without reflection in the low energy limit. This tunneling property is quite different from that of an ordinary single particle in quantum mechanics, where perfect reflection occurs in the low energy limit. The anomalous tunneling phenomenon occurs even in the presence of a finite superflow, except in the critical supercurrent state. In the critical current state, tunneling of the Bogoliubov mode is accompanied by a finite reflection in the low energy limit [3, 8, 10] . Since the Bogoliubov mode is a collective Nambu-Goldstone (NG) mode associated with the broken U(1) gauge symmetry in superfluid phases, the anomalous tunneling phenomenon may be considered as a fundamental property that Bose superfluids generally have.
While the Bogoliubov mode dominates over low energy properties of a (spinless) scalar Bose-Einstein condensate (BEC), a spinor BEC also has other collective modes associated with spin degrees of freedom. It is an interesting problem whether or not such spin wave modes also exhibit anomalous tunneling behaviors as in the case of the Bogoliubov mode. In particular, in the ferromagnetic spinor BEC [17, 18] , in addition to the ordinary Bogoliubov mode, there is a gapless transverse spin wave mode with a quadratic dispersion E ∝ p 2 (where p is the momentum of the spin wave), which is similar to the magnon in a ferromagnet [19] . Thus, using the ferromagnetic spinor BEC, one can conveniently study physical properties of both the type-I Nambu-Goldstone mode (Bogoliubov mode) characterized by E ∝ p 2n+1 and type-II Nambu-Goldstone mode (transverse spin wave) characterized by E ∝ p 2n , where n is an integer [20] . We also note that the ferromagnetic phase of a spin-1 BEC has the other spin mode, called the quadrupolar mode, with a finite excitation gap.
Thus, this superfluid phase is a very useful system to examine how the detailed excitation spectra of collective excitations affect their tunneling properties.
In this paper, we investigate tunneling properties of low energy collective excitations in the ferromagnetic phase of a spin-1 spinor BEC at T = 0. In a previous paper [12, [14] [15] [16] , two of the authors showed the anomalous tunneling behavior of the transverse spin wave in the absence of superflow. In this paper, we extend Refs. [12, [14] [15] [16] to the case with a finite superflow. Within the framework of the mean-field theory for the spin-1 BEC at T = 0, we determine the spatial variation of condensate wave functions around the barrier by solving the Gross-Pitaevskii (GP) equation. We then clarify tunneling properties of collective excitations by solving the Bogoliubov equations. We show that the low-energy tunneling properties of spin wave excitations are very different from those of the Bogoliubov mode in the presence of a finite supercurrent. In particular, perfect transmission of the transverse spin wave is shown to occur through a generic potential barrier, not in the low momentum limit, but in the case when the magnitude of spin wave momentum |k| and that of the momentum of the supercurrent |q| are equal. (Note that perfect transmission of the Bogoliubov mode always occurs in the zero momentum limit (k → 0), irrespective of the value of q.)
This paper is organized as follows. In Sec. II, we explain our formulation for tunneling of collective excitations through a barrier in current carrying states of a spin-1 ferromagnetic spinor BEC. We discuss tunneling properties of the transverse spin wave and the quadrupolar mode in Secs. III and IV, respectively. In Sec. V, we examine how the symmetry of a barrier potential affects the anomalous tunneling properties of the Bogoliubov mode and the transverse spin wave.
II. MEAN-FIELD THEORY OF SPIN-1 BEC
We consider the supercurrent state of a ferromagnetic spin-1 spinor BEC with a barrier potential put around x = 0, as schematically shown in Fig. 1 . Since the y-and z-direction are not important in this paper, we simply assume a one-dimensional system. The spin quantization axis is taken parallel to the z-direction, and we introduce a three-component condensate wave functionΦ
where Φ j (x, t) is the component of magnetic sublevel j = S z (±1 and 0). As usual, the condensate wave functionΦ(x, t) obeys the GP equation obtained from the variational principle of the action put around x = 0. The ferromagnetic condensate wave function is described by S z = 1 spin component, and a finite supercurrent flows in the x-direction. In this paper, a collective mode is injected from x = −∞. For simplicity, we assume a one-dimensional system and ignore the unimportant y-and z-direction.
Here, L = i Φ † (x, t)∂ tΦ (x, t) − H(x, t) is the Lagrangian density, where the Hamiltonian density H is given by [17, 18] 
Here, V (x) is a barrier potential put around x = 0 in Fig. 1 . c 0 = 4π 2 (a 0 + 2a 2 )/(3m) and c 1 = 4π 2 (a 2 − a 0 )/(3m) describe, respectively, coupling constants of a spin-independent and spin-dependent interactions [18] , where a 0 and a 2 are the s-wave scattering lengths between two atoms in the total spin S = 0 state and S = 2 state, respectively. ρ(x, t) = Φ † (x, t)Φ(x, t) is the particle density, and F = t (F x , F y , F z ) is the spin density, where
Since we are taking the spin quantization axis parallel to the z-direction, the S = 1 spin matricesŜ j (j = x, y, z) are given bŷ
The last term in Eq. (3) describes effects of a magnetic field B applied parallel to the z-axis, where g and µ B are the Landé's g factor and Bohr magneton, respectively. We take B to be non-negative without loss of generality.
Taking the variation of the action I in Eq. (2) with respect toΦ † (x, t), we obtain the time-dependent GP equation,
Here, h(
, and F ± = F x ± iF y . The time-independent GP equation for stationary states is then obtained by setting Φ j (x, t) = e −iµ j t/ Φ j (x) under the condition 2µ 0 = µ 1 + µ −1 [21] . In this paper, taking µ ±1 = µ 0 = µ [21, 22] , we obtain
where
. The ferromagnetic state is always realized as the ground state when the spin-spin interaction is ferromagnetic (c 1 < 0) and B = 0. This region in c 1 -B plane becomes wider as c 1 < gµ B B/ρ 0 . In the ferromagnetic state, all the Bose atoms occupy the S z = 1 state aŝ
In the uniform system (V (x) = 0), the S z = 1 component in the supercurrent state has the form Φ +1 (x) = √ ρ 0 e iqx , and the chemical potential µ is given by µ = c
Here, ρ 0 is the particle density of the uniform Bose gas, and c + = c 0 + c 1 is the coupling constant of the interaction between the atoms in the S z = 1 state. In addition, as will be shown soon later, the other spin components, Φ 0 (x) and Φ −1 (x), are not induced by the barrier V (x). Using these results, one finds that the GP equation (6) in the ferromagnetic state reduces to We note that Eq. (8) has the same form as the GP equation for the scalar BEC, when we regard c + as the coupling constant of an interaction between spinless Bose atoms. Figure 2 shows the spatial variation of the condensate wave function Φ +1 (x) = |Φ +1 (x)|e iϕ +1 (x) . In this figure, we consider the potential barrier
where ξ = / √ mc + ρ 0 is the healing length. Although we have numerically solved the GP equation (6) to include the possibility of finite Φ 0 (x) and Φ −1 (x) components around x = 0, these components have turned out to be absent. Thus, one may safely use the simpler GP equation (8) . As expected, Fig. 2 (a) shows that the condensate wave function is suppressed around the potential barrier. In addition, panel (b) shows that the phase ϕ +1 (x) of the condensate wave function spatially varies. This behavior reflects the presence of a finite superflow. Far away from the barrier, the phase factor reduces to the form
. The phase difference ∆ϕ ≡ C + − C − can be conveniently calculated from [3, 23] ∆ϕ
The inset of Fig. 2 (a) shows the momentum q of the supercurrent as a function of ∆ϕ. As in the case of the scalar BEC, the upper critical momentum q c exists at ∆ϕ ≃ π/2 (the red point in the inset).
Once the condensate wave functionΦ(x) is determined, collective excitations are conveniently obtained by considering small fluctuations aroundΦ(x). SettingΦ(
, and substituting it into Eq. (5), one obtains the Bogoliubov equations [24] ,
In obtaining Eqs. (11) and (12), we have retained terms up to O(φ(x)). In the ferromagnetic case, Eqs. (11) and (12) reduce to
Since Eqs. (13)- (15) are independent, we can treat each component φ j (x) separately. Equation (13) has the same form as the ordinary (time-dependent) Bogoliubov equation in the scalar BEC [24] . We thus see that the mode described by φ +1 (x) is the Bogoliubov mode in the present ferromagnetic spinor BEC and exhibits the anomalous tunneling phenomenon as in the case of the scalar BEC [1] [2] [3] . Namely, the Bogoliubov mode in the low energy limit always tunnels through the barrier without reflection in the supercurrent state [3, 8] , except in the critical current state. In the critical supercurrent state, the Bogoliubov mode tunnels through the barrier with a finite reflection [3, 8, 10] .
To identify roles of φ 0 and φ −1 , it is convenient to consider the uniform case with no external magnetic field (V (x) = B = 0) and no supercurrent (q = 0). In this simple case, because of ρ(x) = ρ 0 , Eq. (14) gives the gapless spectrum with quadratic dispersion
. This means that φ 0 describes the ferromagnetic spin wave mode, which we call the transverse spin wave [18] . In addition, Eq. (15) gives E −1 = p 2 /(2m) + 2|c 1 |ρ 0 with a finite excitation gap 2|c 1 |ρ 0 . This mode is called the quadrupolar mode [18] . The transverse spin wave described by φ 0 changes the total magnetization M by gµ B . On the other hand, the quadrupolar mode described by φ −1 changes M by 2gµ B .
The current-flowing ferromagnetic state in the uniform case is stable only when the excitation energies of both the transverse spin wave
and the quadrupolar spin wave
are non-negative for arbitrary p. Since E 0 < E −1 , the stability condition of the currentflowing ferromagnetic state is given by
In the following, we consider the cases where Eq. (18) holds.
III. TUNNELING PROPERTIES OF TRANSVERSE SPIN WAVE
To examine the stationary solution of the transverse spin wave described by φ 0 (x, t), we
. We then have
In obtaining Eq. (19), we have introduced the dimensionless variables,Ē ≡ E/(c + ρ 0 ),
, and have omitted the bars from these rescaled variables, for simplicity. We always use these dimensionless units in the following discussions.
In the uniform system, Eq. (19) has the plain wave solution φ 0 (x) = e ±ikx with the mode
Note that the stability condition Eq. (18) of the ground state is expressed as 2Ω − q 2 ≥ 0 in the dimensionless units. For a given excitation energy E, the spin wave momentum far away from the barrier is given by k = 2(E − Ω) + q 2 .
We prove that perfect transmission of the transverse spin wave occurs at |k| = q for a generic barrier potential V (x). With use of (20), we first note that Eq. (19) reduces to
when k = q. When φ 0 (x) is replaced by the ferromagnetic condensate wave function Φ +1 (x) = Φ +1 (x, q) with the momentum q, Eq. (21) coincides with the GP equation,
which is nothing but Eq. (8) in terms of the dimensionless units introduced previously. We also note that when φ 0 (x) is replaced by Φ * +1 (x, q), Eq. (21) coincides with the complex conjugation of Eq. (22) . It immediately follows that Φ +1 (x, q) and Φ * +1 (x, q) are linearly independent solutions to Eq. (21) . The general solution to Eq. (21) is then expressed as
where the coefficients α and β are determined so that (23) satisfies the boundary conditions of the tunneling problem
for k = q. When we set the phase of Φ +1 (x, q) so as to satisfy ϕ +1 (x = 0) = 0, the asymptotic form of the condensate wave function may be written as
, where ∆ϕ is the phase difference introduced in Eq. (10) . From this asymptotic behavior of Φ +1 (x, q) and the compatibility of Eqs. (23) and (24), one obtains (α, β) = (e i∆ϕ/2 , 0), i.e.,
and (T 0 , R 0 ) = (e i∆ϕ , 0) at k = q. Perfect transmission |T 0 | 2 = 1 at k = q for an arbitrary barrier potential V (x) thus follows.
The same discussion is applicable to the case when k = −q. In this case, note that the condensate wave function in the supercurrent with the momentum −q (≡ Φ +1 (x, −q)) is related to the condensate wave function with the supercurrent momentum +q (≡ Φ +1 (x, +q))
as Φ +1 (x, −q) = Φ * +1 (x, +q). By repeating the above discussion by simply replacing Φ +1 by Φ * +1 , one may derive perfect transmission at k = −q. The above argument applies when q = q c and hence the transverse spin wave transmits perfectly when q = q c and k = q c . This is contrasted with the transmission property of the Bogoliubov mode, which does not exhibit the perfect transmission when q = q c [3, 8, 10] .
In the absence of supercurrent (q = 0), Eq. (25) does not necessarily imply that the wave function of the transverse spin wave mode (k = 0) has the the supercurrent behavior (i.e., the same form as the supercurrent wave function). The above derivation of perfect transmission does not apply because the incident and reflection waves are indistinguishable at k = 0. When we discuss the tunneling problem in the limit k → 0, we have to consider the problem with k being small but finite, and then take the limit k → 0. Following this procedure, we can show that this spin wave (with the momentum k ≪ 1) has the same form as the supercurrent wave function with the same momentum k with the accuracy of O(k) and from this fact, the perfect transmission follows in the limit k → 0 when q = 0.
The derivation is given in Appendix A. To conclude, the transverse spin wave, as well as the Bogoliubov mode, always has the supercurrent behavior, when the perfect transmission occurs.
Let us see examples. Another example is provided by the exact solution in the presence of a δ-functional barrier
In the case, the GP equation (8) has the following solution [3, 25] :
The phase factor θ q is given by where γ q denotes 1 − q 2 tanh( 1 − q 2 x 0 ) and x 0 is determined from the boundary condition on the derivative of Φ +1 (x) at x = 0, which gives
Substituting Eq. (26) into Eq. (19), one obtains
To solve the tunneling problem, we set
As usual, the coefficients R 0 and T 0 are determined so as to satisfy the boundary conditions, We then have
In the absence of a superflow (q = 0), Eq. (32) reduces to
Thus, perfect transmission (|T 0 | 2 = 1) is obtained in the long wavelength limit (k → 0) [12, [14] [15] [16] . In contrast, Eq. (32) vanishes in the limit k → 0 when q is finite. This shows clearly that, in contrast to the Bogoliubov mode, anomalous tunneling of the transverse spin is not realized in the long wavelength limit in the presence of a finite superflow.
When k = q > 0, Eq. (32) becomes
which gives perfect transmission |T 0 | 2 = 1. In the scalar BEC, it has been pointed out that the wave function of the Bogoliubov mode has the same form as the condensate wave function when the anomalous tunneling occurs in the absence of supercurrent [5] and in the presence of supercurrent [8] . In the present case, from the comparison of Eq. (26) with Eq.
(30) at k = q, one finds
as in the case of generic potential barrier (25) . The fact that perfect transmission of the transverse spin wave occurs at the finite momentum k = q is different from the condition of anomalous tunneling in the case of the Bogoliubov mode; however, the supercurrent behavior can be also seen in the transverse spin wave when perfect transmission occurs (k = q). In the absence of supercurrent (q = 0), we show in Appendix B that this spin wave (with the momentum k ≪ 1) has the same form as the supercurrent wave function with the same momentum k with the accuracy of O(k). This fact illustrates the supercurrent behavior of the transverse spin wave in the limit k → 0 when q = 0.
We briefly note that the amplitude transmission coefficient in Eq. (32) satisfies
Because of this symmetry, we find that perfect transmission also occurs at k = −q. Figure 4 also shows that the perfect transmission occurs only when |k| = q.
IV. TRANSMISSION PROPERTIES OF QUADRUPOLAR MODE
The quadrupolar spin wave is described by the fluctuation component φ −1 , which obeys Eq. (15). In the stationary state, φ −1 (x, t) = φ −1 (x)e −iEt , this equation reduces to, in the dimensionless form,
The mode energy in the uniform system is obtained as E = (k 2 − q 2 )/2 + 2|c 1 | + 2Ω, which is positive for arbitrary k when the stability condition (18) conditions far away from the barrier are given by Figure 5 shows the transmission probability |T −1 | 2 of the quadrupolar mode, when the barrier potential is given by Eq. (9) . In contrast to the Bogoliubov mode and the transverse spin wave (which are described by Eqs. (13) and (14), respectively), the interaction effects on the quadrupolar mode cannot be simply described by the single parameter c + = c 1 + c 2 .
Because of this, the coupling c 1 remains in the dimensionless equation (37). (Note that c 1 in Eq. (37) actually denotesc 1 = c 1 /c + .) Indeed, we find in Fig. 5 that the transmission probability strongly depends on the value of c 1 . Although the quadrupolar spin mode could
show perfect transmission at a certain value of k (See, for example, Fig. 5 (a) ), it owes to a fine tuning of the parameter. The tunneling property of this mode is rather close to the ordinary quantum mechanical tunneling of a particle in the sense that perfect reflection occurs when k → 0 [12, [14] [15] [16] .
V. EFFECTS OF SPIN-DEPENDENT BARRIER
So far, we have considered the case when a barrier potential couples to the local density of particles as V (x)ρ(x). Since the transverse spin wave is a Nambu-Goldstone mode associated with spontaneous breakdown of rotational spin symmetry, the tunneling property of this mode is expected to be strongly affected by a spin-dependent magnetic barrier. To see this,
we examine tunneling through a magnetic potential barrier
Although this tunneling problem is somehow academic in cold atom gases, it is still instructive to see how the perfect transmission of the transverse spin wave is related to the Thus, one may consider the single-component GP equation for Φ +1 (x), given by
Equations for the collective modes can be also obtained in the same manner as we have done in Sec. II. The results are
Equations (40) and (41) To see whether or not the transverse spin wave shows perfect transmission, it is convenient to consider the δ-functional barrier J(x) = J 0 δ(x) (J 0 > 0). In this simple case, the GP equation (40) has the exact solution
finds that the transverse spin wave solution has the form
where f ± (k, x) = [∓ik + coth(±x + X 0 )]e ikx . Since the potential barrier J(x) is absent in Eq. (42), the boundary conditions at x = 0 are simply given by the matching of the wave function and its gradient, which give
where Γ = coth(X 0 ). The coefficient T 0 in Eq. (47) vanishes in the limit k → 0, unless Γ = 1 (i.e., J 0 = 0). Thus, in contrast to the 'non-magnetic' potential V (x) discussed in Sec. III, the magnetic barrier V s (x) leads to perfect reflection of the transverse spin wave in the low energy limit. Figure 6 shows the transmission probabilities of the three collective excitations through the magnetic barrier potential. As discussed above, the Bogoliubov mode shown in panel has the same form as the ordinary one-particle Schrödinger equation with the 'potential barrier' |Φ +1 (x)| 2 − 1, the perfect reflection at k = 0 can be understood as a usual property in one-particle quantum mechanics.
As we have seen, the spin-dependent barrier suppresses the perfect transmission of the We take G(x) = G 0 e −x 2 /ξ 2 .
transverse spin wave but the Bogoliubov mode still exhibits anomalous tunneling. This fact implies that the perfect transmission (or the anomalous tunneling phenomenon) of a Nambu-Goldstone mode is strongly affected by the barrier that breaks the symmetry related to the origin of the mode. To see this in a simple manner, we replace V (x)ρ(x) in Eq. (3) by the one that couples to the local phase ϕ +1 (x) of the condensate wave function Φ +1 [27] , such that
When G(x) = G 0 δ(x), the transmission probability |T +1 | 2 of the Bogoliubov mode with the incident momentum k is given by
(We summarize the derivation in Appendix C.) Here, η = k[|G 0 |k 2 + κ(k 2 + κ 2 )], and
, where E = (k/ √ 2) (k/2) 2 + 2 is the mode energy. Equation (49) vanishes in the low energy limit E → 0, so that perfect reflection occurs. Even for a barrier with a finite width, this conclusion is unaltered, as shown in Fig. 7 . (Equations to obtain this figure are summarized in Appendix C.) The above two results for the transverse spin wave and the Bogoliubov mode indicate that the anomalous tunneling phenomenon is deeply related to the invariance of the barrier potential with respect to continuous symmetries that are broken spontaneously, such as the U(1) gauge and spin rotation.
VI. SUMMARIES AND DISCUSSIONS
To summarize, we have investigated tunneling properties of the collective Bogoliubov mode, as well as spin wave excitations (transverse spin wave and quadrupolar mode), in the ferromagnetic state of a spin-1 spinor Bose-Einstein condensate. Within the framework of the mean-field theory at T = 0, we have calculated the tunneling probability across a barrier potential of each mode as a function of the incident momentum, to see whether or not anomalous tunneling phenomenon occurs.
We showed that, as in the case of a scalar BEC, the Bogoliubov mode also exhibits the anomalous tunneling phenomenon in the ferromagnetic state of a spin-1 spinor BEC in the presence of a barrier that couples only to local density. Namely, perfect transmission always occurs in the low energy limit, even in the presence of supercurrent, unless the superflow is in the critical supercurrent state. In the critical supercurrent state, tunneling of the Bogoliubov mode is accompanied by a finite reflection. All these results are the same as the case of a scalar BEC.
The transverse spin wave, which is the other Nambu-Goldstone mode associated with the broken spin rotational symmetry, also shows the anomalous tunneling phenomenon in the presence of a barrier that couples only to local density. However, while this phenomenon occurs in the long wavelength limit in the case of the Bogoliubov mode, perfect transmission of the transverse spin wave is realized when the momentum of the spin wave coincides with that of supercurrent. In addition, this phenomenon still occurs in the critical supercurrent state, which is also to be contrasted with the case of the Bogoliubov mode. On the other hand, when perfect transmission occurs, the wave function of the transverse spin wave has the same form as the condensate wave function in the current carrying state. This property is shared with the Bogoliubov mode in the long wavelength limit.
This result is important in the context described below. The perfect transmission of the transverse spin wave in the current-flowing state provides much simpler example of anomalous tunneling, compared to earlier cases. In the earlier cases (the Bogoliubov mode [1-3, 5-11, 13] , the transverse spin wave in the absence of supercurrent [12, [14] [15] [16] ), the anomalous tunneling always occurs in the limit where the wavenumber k approaches zero. In the present case, on the other hand, anomalous tunneling occurs at a finite wavenumber. When we discuss the tunneling problem in the limit k → 0, we have to calculate the transmission rate for finite k first, and then consider the limit k → 0. This limiting procedure is unnecessary when we consider the tunneling problem of particles with finite wavenumber. This is the reason why the proof of perfect transmission for q = 0 presented in Sec. II is simpler than those for q = 0 given in [15] and Appendix A in the present paper. Owing to this simplicity of the perfect transmission of the spin wave in the current-flowing state, we can prove the perfect transmission of the spin wave for a general potential barrier and q = 0 as a direct consequence of the coincidence of wave functions between the spin wave and the flowing condensate.
We have also examined tunneling properties of the quadrupolar mode. This collective mode has a finite excitation gap, and is not the Nambu-Goldstone mode. In contrast to the above two Nambu-Goldstone modes, the quadrupolar mode does not exhibit the anomalous tunneling behavior. The present paper has treated the tunneling problem for all the three excitations separately. It seems to be difficult to create an excitation as a single mode from the spin-1 BEC to examine tunneling properties of excitations experimentally; but, this difficulty can be overcome by making use of the Bragg scattering and a strong magnetic field [16] . The Bragg scattering can selectively create an excitation with a certain momentum p and a cer-tain energy E. When energies of the three collective excitations at small momenta are well separated from each other by using the Zeeman effect under a strong magnetic field, one would be able to selectively create one of the three excitations as a single mode.
Since low energy properties of the ferromagnetic spinor BEC are dominated by the three collective excitations, our results would be useful for understanding dynamical properties in this superfluid phase.
In this paper, we have focused on the ferromagnetic phase of a spin-1 BEC. It is an interesting problem to extend our present work to the polar phase, which is the other phase of the spin-1 BEC. We have examined the same problem for the spin wave modes in the current carrying state of the polar phase [28] . We found that the anomalous tunneling phenomenon of the spin wave modes occurs unless the system is in the critical current state.
The anomalous tunneling phenomenon in itself is the same character as the Bogoliubov mode and the transverse spin mode in the ferromagnetic phase. However, in the critical current state, the tunneling property is qualitatively changed by the interaction parameter.
These findings will be reported in a separate paper [28] .
First we introduce
which is O(q 2 ) because |Φ(x, q)| 2 depends on q only through q 2 (Equation for |Φ(x, q)| 2 contains q only through q 2 ). When q = 0, the equation of motion for the transverse spin wave with the momentum k > 0
We seek for the solution to (A2) satisfying the boundary condition Eq. (24) for the tunneling problem, assuming the form
with a normalization factor N k . Equation (A3) is rewritten aŝ
Substituting the following expressions:
into (A6), we see that (A7) with (A8) yields a solution that we seek for. However, it is a formal solution; Equation (A8) contains φ 0 in the right-hand side. In the following, we consider the asymptotic form of χ k (x) at |x| ≫ 1. We first note that |Φ(x → ±∞, k)| 2 → 1 irrespective of k and hence f k is localized around x = 0. We then see that
approaches zero when x ′ → ∞ while it approaches a constant 
Here and in the following, we make k-dependence of the phase shift ∆ϕ explicit. The constants a k , b k are, respectively, given by
Substituting (A7) with (A8) into (A5) and using (A11), we obtain
From (A13) and (24) , the solution with
follows.
As noted previously, f k = O(k 2 ) when |k| ≪ 1. φ 0 (x) is at most O(1) (when the perfect reflection occurs in the limit k → 0, the wave function is O(k)) and Φ(x, k) is O(1). The quantities a k , b k , λ k contain commonly f k φ 0 Φ(x, k) as a factor in their integrands and hence they are O(k 2 ). The phase shift ∆ϕ k is O(k) for |k| ≪ 1. We thus obtain
and the perfect transmission |T 0 | 2 → 1 occurs in the limit k → 0. 
Here we introduce k = 2( √ 1 + E 2 − 1), κ = 2( √ 1 + E 2 + 1), and A = 1 2
which are normalized so as to satisfy A 2 − B 2 = 1.
Under the condition that the Bogoliubov mode is injected from x = −∞, we set 
